In this paper, we prove that on every Finsler n-sphere (S n , F ) for n ≥ 6 with reversibility λ and flag curvature K satisfying 
Introduction and main results
This paper is devoted to a study on closed geodesics on Finsler n-spheres. Let us recall firstly the definition of the Finsler metrics. In this case, (M, F ) is called a Finsler manifold. F is reversible if F (x, −y) = F (x, y) holds for all y ∈ T x M and x ∈ M . F is Riemannian if F (x, y) 2 = 1 2 G(x)y · y for some symmetric positive definite matrix function G(x) ∈ GL(T x M ) depending on x ∈ M smoothly.
A closed curve in a Finsler manifold is a closed geodesic if it is locally the shortest path connecting any two nearby points on this curve (cf. [She1] ). As usual, on any Finsler n-sphere S n = (S n , F ), a closed geodesic c : S 1 = R/Z → S n is prime if it is not a multiple covering (i.e., iteration) of any other closed geodesics. Here the m-th iteration c m of c is defined by c m (t) = c(mt). The inverse curve c −1 of c is defined by c −1 (t) = c(1 − t) for t ∈ R. We call two prime closed geodesics c and d distinct if there is no θ ∈ (0, 1) such that c(t) = d(t + θ) for all t ∈ R. We shall omit the word distinct when we talk about more than one prime closed geodesic. On a symmetric Finsler (or Riemannian) n-sphere, two closed geodesics c and d are called geometrically distinct if c(S 1 ) = d(S 1 ), i.e., their image sets in S n are distinct.
For a closed geodesic c on (S n , F ), denote by P c the linearized Poincaré map of c (cf. p.143 of [Zil1] ). Then P c ∈ Sp(2n − 2) is a symplectic matrix. For any M ∈ Sp(2k), we define the elliptic height e(M ) of M to be the total algebraic multiplicity of all eigenvalues of M on the unit circle U = {z ∈ C| |z| = 1} in the complex plane C. Since M is symplectic, e(M ) is even and 0 ≤ e(M ) ≤ 2k. Then c is called hyperbolic if all the eigenvalues of P c avoid the unit circle in C, i.e., e(P c ) = 0; elliptic if all the eigenvalues of P c are on the unit circle, i.e., e(P c ) = 2(n − 1).
Recall that a Finsler metric F is bumpy if all the closed geodesics on (S n , F ) are non-degenerate, i.e., 1 / ∈ σ(P c ) for any closed geodesic c.
Following H-B. Rademacher in [Rad4] , the reversibility λ = λ(M, F ) of a compact Finsler manifold (M, F ) is defied to be
We are aware of a number of results concerning closed geodesics on spheres. In [Fet1] The following are the main results in this paper:
Theorem 1.2. On every Finsler n-sphere (S n , F ) for n ≥ 6 with reversibility λ and flag curvature K satisfying The proof of these theorems is motivated by Theorem 1.3 in [LoZ1] . In this paper, we use the Fadell-Rabinowitz index theory in a relative version to obtain the desired critical values of the energy functional E on the space pair (Λ, Λ 0 ), where Λ is the free loop space of S n and Λ 0 is its subspace consisting of constant point curves. Then we use the method of index iteration theory of Sympletic paths developed by Y. Long and his coworkers, especially the common index jump theorem to obtain the desired results.
In this paper, let N, N 0 , Z, Q, R, and C denote the sets of natural integers, non-negative integers, integers, rational numbers, real numbers, and complex numbers respectively. We use only singular homology modules with Q-coefficients. For an S 1 -space X, we denote by X the quotient space X/S 1 . We denote by [a] = max{k ∈ Z | k ≤ a} for any a ∈ R.
Critical point theory for closed geodesics
In this section, we will study critical point theory for closed geodesics.
On a compact Finsler manifold (M, F ), we choose an auxiliary Riemannian metric. This endows the space Λ = ΛM of H 1 -maps γ : S 1 → M with a natural Riemannian Hilbert manifold structure on which the group S 1 = R/Z acts continuously by isometries, cf. [Kli2] , Chapters 1 and 2. This action is defined by translating the parameter, i.e., (s · γ)(t) = γ(t + s) for all γ ∈ Λ and s, t ∈ S 1 . The Finsler metric F defines an energy functional E and a length functional L on Λ by
Both functionals are invariant under the S 1 -action. By [Mer1] , the functional E is C 1,1 on Λ and satisfies the Palais-Smale condition. Thus we can apply the deformation theorems in [Cha1] and [MaW1] . The critical points of E of positive energies are precisely the closed geodesics c : S 1 → M of the Finsler structure. If c ∈ Λ is a closed geodesic then c is a regular curve, i.e.ċ(t) = 0 for all t ∈ S 1 , and this implies that the second differential E ′′ (c) of E at c exists. As usual we define the index i(c) of c as the maximal dimension of subspaces of T c Λ on which E ′′ (c) is negative definite, and the nullity ν(c) of c so that ν(c) + 1 is the dimension of the null space of E ′′ (c).
For m ∈ N we denote the m-fold iteration map φ m : Λ → Λ by
We also use the notation φ m (γ) = γ m . For a closed geodesic c, the average index is defined bŷ
If γ ∈ Λ is not constant then the multiplicity m(γ) of γ is the order of the isotropy group In this paper for κ ∈ R we denote by
For a closed geodesic c we set
If A ⊆ Λ is invariant under some subgroup Γ of S 1 , we denote by A/Γ the quotient space of A with respect to the action of Γ. Using singular homology with rational coefficients we will consider the following critical Q-module of a closed geodesic c ∈ Λ: 
Next we recall the Fadell-Rabinowitz index in a relative version due to [Rad3] . Let X be an
Note that the cup product defines a homomorphism
where H * S 1 is the S 1 -equivariant cohomology with rational coefficients in the sense of A. Borel (cf. Chapter IV of [Bor1] ). We fix a characteristic class η ∈ H 2 (CP ∞ ). Let f * : H * (CP ∞ ) → H * S 1 (X) be the homomorphism induced by a classifying map f : X S 1 → CP ∞ . Now for γ ∈ H * (CP ∞ ) and
Then the order ord η (z) with respect to η is defined by
By Proposition 3.1 of [Rad3] , there is an element z ∈ H n+1 S 1 (Λ, Λ 0 ) of infinite order, i.e., ord η (z) = ∞. For κ ≥ 0, we denote by j κ : (Λ κ , Λ 0 ) → (Λ Λ 0 ) the natural inclusion and define the function
(2.8)
, where t ց a means t > a and t → a.. 
Each discontinuous point of d z is a critical value of the energy functional E. In particular, if
, then there are infinitely many prime closed geodesics c with energy κ.
For each i ≥ 1, we define
Then we have the following.
Lemma 2.3. Suppose there are only finitely many prime closed geodesics on (S n , F ). Then each κ i is a critical value of E. If κ i = κ j for some i < j, then there are infinitely many prime closed geodesics on (S n , F ).
Proof. It follows from the S 1 -equivariant deformation theorem (cf. Theorem 1.7.2 of [Cha1] )
that each κ i is a critical value of E. Now suppose κ i = κ j for some i < j. Then by (2.9), we have
Lemma 2.2 implies there are infinitely many prime closed geodesics c with energy κ i . This proves the lemma.
Lemma 2.4. Suppose there are only finitely many prime closed geodesics on (S n , F ). Then for every i ∈ N, there exists a closed geodesic c on (S n , F ) such that 
for any ǫ > 0 sufficiently small.
Since any γ ∈ Λ κ i +ǫ \ Λ κ i −ǫ is not a fixed point of the S 1 -action, its isotropy group is finite.
Hence we can use Lemma 6.11 of [FaR1] to obtain
By the finiteness assumption of the number of prime closed geodesics, a small perturbation on the energy functional can be applied to reduce each critical orbit to nearby non-degenerate ones. Thus similar to the proofs of Lemma 2 of [GrM1] and Lemma 4 of [GrM2] , all the homological Q-modules of (Λ κ i +ǫ , Λ κ i −ǫ ) is finitely generated. Therefore we can apply Theorem 5.5.3 and Corollary 5.5.4
on pages 243-244 of [Spa1] to obtain 
(2.14)
Now our lemma follows from (2.11)-(2.14). 
Proof. Note that we haveî(c m ) = mî(c) by (2.3) and L(c m ) = mL(c).
L(c) for any m ∈ N. Now the lemma follows from Lemmas 5.12, 6.1 and Corollary 6.3 of [Rad3] .
Index iteration theory for closed geodesics
Let c be a closed geodesic on a Finsler n-sphere S n = (S n , F ). Denote the linearized Poincaré map of c by P c ∈ Sp(2n − 2). Then P c is a symplectic matrix. Note that the index iteration formulae within Ω 0 (γ(τ )) in Theorem 1.8.10 and the first part of Theorem 8.3.1 of [Lon4] , which leads to the 2 × 2 or 4 × 4 basic normal form decomposition of γ(τ ). Specially it is proved in Lemma 9.1.5 of [Lon4] that the splitting numbers of M are constants on Ω 0 (M ), where M ∈ Sp(2n). Note also that there are only 11 basic normal forms (cf. [Lon4] ), and they are only 2 × 2 or 4 × 4 matrices. Thus they are simpler than usual normal forms, and then it is possible to use different patterns of the iteration formula Theorem 8.3.1 of [Lon4] to classify symplectic paths as well as closed geodesics to carry out proofs. This is a major difference between formulae established in [Lon3] and Bott-type formulae established in [Bot1] , [BTZ1] and in [Lon2] . Hence in this section, we recall briefly the index theory for symplectic paths. All the details can be found in [Lon4] .
As usual, the symplectic group Sp(2n) is defined by
whose topology is induced from that of R 4n 2 , where J = 0 −I n I n 0 and I n is the identity matrix in R n . For τ > 0 we are interested in paths in Sp(2n):
which is equipped with the topology induced from that of Sp(2n). The following real function was introduced in [Lon2] :
Thus for any ω ∈ U the following codimension 1 hypersurface in Sp(2n) is defined in [Lon2] :
For any M ∈ Sp(2n) 0 ω , we define a co-orientation of Sp(2n) 0 ω at M by the positive direction d dt M e tǫJ | t=0 of the path M e tǫJ with 0 ≤ t ≤ 1 and ǫ > 0 being sufficiently small. Let
For any two continuous arcs ξ and η : [0, τ ] → Sp(2n) with ξ(τ ) = η(0), it is defined as usual:
Given any two 2m k × 2m k matrices of square block form
, the ⋄-product of M 1 and M 2 is defined by the following 2(m 1 + m 2 ) × 2(m 1 + m 2 ) matrix
Denote by M ⋄k the k-fold ⋄-product M ⋄ · · · ⋄ M . Note that the ⋄-product of any two symplectic matrices is symplectic. For any two paths γ j ∈ P τ (2n j ) with j = 0 and 1, let γ 0 ⋄γ 1 (t) = γ 0 (t)⋄γ 1 (t)
A special path ξ n ∈ P τ (2n) is defined by
For any τ > 0 and γ ∈ P τ (2n), define
where the right hand side of (3.4) is the usual homotopy intersection number, and the orientation of γ * ξ n is its positive time direction under homotopy with fixed end points.
If γ ∈ P 0 τ,ω (2n), we let F(γ) be the set of all open neighborhoods of γ in P τ (2n), and define
is called the index function of γ at ω.
Note that when ω = 1, this index theory was introduced by C. Conley-E. Zehnder in [CoZ1] for the non-degenerate case with n ≥ 2, Y. The case for general ω ∈ U was defined by Y. Long in [Lon2] in order to study the index iteration theory (cf. [Lon4] for more details and references).
For any symplectic path γ ∈ P τ (2n) and m ∈ N, we define its m-th iteration γ m :
We still denote the extended path on [0, +∞) by γ.
Definition 3.2. (cf. [Lon2] , [Lon4] ) For any γ ∈ P τ (2n), we define
The mean indexî(γ, m) per mτ for m ∈ N is defined bŷ
For any M ∈ Sp(2n) and ω ∈ U, the splitting numbers
for any path γ ∈ P τ (2n) satisfying γ(τ ) = M .
For a given path γ ∈ P τ (2n) we consider to deform it to a new path η in P τ (2n) so that
and that (i 1 (η m ), ν 1 (η m )) is easy enough to compute. This leads to finding homotopies δ :
and keeping the end points of the homotopy always stay in a certain suitably chosen maximal subset of Sp(2n) so that (3.10) always holds. In fact, this set was first discovered in [Lon2] as the path connected component
Here Ω 0 (M ) is called the homotopy component of M in Sp(2n).
In [Lon2] - [Lon4] , the following symplectic matrices were introduced as basic normal forms:
14) Splitting numbers possess the following properties:
Lemma 3.3. (cf. [Lon2] and Lemma 9.1.5 of [Lon4] ) Splitting numbers S ± M (ω) are well defined, i.e., they are independent of the choice of the path γ ∈ P τ (2n) satisfying γ(τ ) = M appeared in (3.9). For ω ∈ U and M ∈ Sp(2n), splitting numbers S ± N (ω) are constant for all N ∈ Ω 0 (M ). Lemma 3.4. (cf. [Lon2] , Lemma 9.1.5 and List 9.1.12 of [Lon4] ) For M ∈ Sp(2n) and ω ∈ U, there hold
For any M i ∈ Sp(2n i ) with i = 0 and 1, there holds
We have the following Theorem 3.5. (cf. [Lon3] and Theorem 1.8.10 of [Lon4] ) For any M ∈ Sp(2n), there is a path
where each M i is a basic normal form listed in (3.12)-(3.15) for 1 ≤ i ≤ k.
Proof of the main theorems
In this section, we give the proofs of Theorems 1.1 and 1.2 by using the techniques similar to those in [LoZ1] .
Proof of Theorem 1.2. We prove the theorem by showing that: If the number of prime closed geodesics is finite, then there exist at least [
] − 2 closed geodesics possessing irrational average indices. Thus in the rest of this paper, we will assume the following:
(F) There are only finitely many prime closed geodesics {c j } 1≤j≤p on (S n , F ).
Denote by {P c j } 1≤j≤p the linearized Poincaré maps of {c j } 1≤j≤p . Suppose {M c j } 1≤j≤p are the basic normal form decompositions of {P c j } 1≤j≤p in {Ω 0 (P c j )} 1≤j≤p as in Theorem 3.5. Then by §1.8 [Lon4] we have
Since the flag curvature K of (S n , F ) satisfies 
Here the last inequality holds by (4.2) and the fact that e(P c j ) ≤ 2(n − 1).
Note that we haveî(c j ) > n − 1 for 1 ≤ j ≤ p under the pinching assumption by Lemma 2 of [Rad5] . Hence by the common index jump theorem (Theorem 4.3 of [LoZ1] , Theorem 11.2.1 of [Lon4] ), there exist infinitely many (N, m 1 , . . . , m p ) ∈ N p+1 such that
moreover m j θ π ∈ Z, whenever e √ −1θ ∈ σ(P c j ) and θ π ∈ Q. In fact, the m > 1 cases in (4.6) and (4.7) follow from (4.3), other parts follow from Theorem 4.3 of [LoZ1] or Theorem 11.2.1 of [Lon4] directly. More precisely, by Theorem 4.1 of [LoZ1] (in (11.1.10) in Theorem 11.1.1 of [Lon4] , with
where χ j = 0 or 1 for 1 ≤ j ≤ p and M ∈ N such that M θ π ∈ Z, whenever e √ −1θ ∈ σ(M c j ) and θ π ∈ Q for some 1 ≤ j ≤ p. By Theorem 3.5, we have
for some nonnegative integers p j,− , p j,0 , p j,+ , and some symplectic matrix G j satisfying 1 ∈ σ(G j ).
By (4.9) and Lemma 3.4 we obtain
Using (4.2) and (4.10), the estimates (4.4)-(4.7) become
(4.14)
By Lemma 2.4, for every i ∈ N, there exist some m, j ∈ N such that
and by §2, we have dim(z) = n + 1.
Claim 1. We have the following
In fact, we have
for 1 ≤ j ≤ p and m = 2m j by (4.13), (4.14) and Proposition 2.1. Thus in order to satisfy (4.15), we must have m = 2m j .
It is easy to see that
Claim 2. There are at least [ F ). In fact, for any N chosen in (4.4)-(4.7) fixed and q ≡ 2i + dim(z) − 2 ∈ (2N, 2N + n − 1), there exist some 1 ≤ j q ≤ p such that c jq is (2m jq , q)-variationally visible by (4.15) and (4.16). Moreover, if q 1 = q 2 , then we must have j q 1 = j q 2 . This holds by (4.15):
since κ i are pairwise distinct by Lemma 2.3, where q k ≡ 2i k + dim(z) − 2 for k = 1, 2. Hence the
is injective. We remark here that if there are more that one c j satisfy (4.15), we take any one of it.
This proves p ≥ [ Proof of Theorem 1.3. This is just a modification of the proof of Theorem 1.2.
Since the metric is bumpy, i.e., all the closed geodesics on (S n , F ) are non-degenerate, hence we have 1 / ∈ σ(P c ) for any closed geodesics c on (S n , F ). Thus in the decomposition (4.9), we have 
